Lemma 1. Let f be a monic CA-polynomial of degree N ≥ 1 and α ∈ C * and β ∈ C. The polynomial g(z) = α −N f (αz + β) is also a monic CA-polynomial of degree N.
In consequence, whenever convenient, we may choose any root of f and assume it to be equal to 0. When we have two distinct roots of f , we may assume the first to be equal to 0 and the second to be equal to 1.
CONSTRAINTS ON THE NUMBER OF DISTINCT ROOTS
The following result, proven by Draisma and de Jong, conveniently subsumes many "easy" cases where the conjecture can be proven: 
Let f be a non-trivial CA-polynomial, then f has at least three distinct roots.
We note that case 1 was also dealt with in [11, Proposition 2.2].
In the next two propositions, we will go a step further in directions 1 and 2. Later on (Propositions 4 and 5), we will go two steps further in direction 3. Proof. Thanks to Lemma 1, we may choose a = 0. Assume that f ′ (0) = 0, then f has a root of multiplicity at least 2 which is different from 0 and again by Lemma1, we may assume f (1) = f ′ (1) = 0. Thus
Solving f (z) = f ′′ (z) = 0, we get z = N N +1
and (
. We easily see that the function φ(t) = (t − 2) ln t+1 t − ln t 2 is strictly decreasing for t ≥ 4 and that φ(4) < 0. Thus the equality φ(N) = 0 is never reached for N ≥ 4.
We conclude that we necessarily have f ′ (0) = 0. Then, for some constant c, f
Proposition 3. Let f be a monic CA-polynomial of degree N ≥ 3, and suppose f has a root a of multiplicity at least
Proof. Let a = 0. If f (N −1) (0) = 0, then we may assume that f (1) = f (N −1) (1) = 0. Hence
We conclude that we necessarily have Now, before going further, let us recall some basic properties of the elementary symmetric polynomials. Let a polynomial f and its derivatives be of the form
(Here by convention f = f (0) ). Let σ m (l) be the sum of the mth powers of the roots of f (l) , for l = 0, · · · , N − 1. Then Newton formulas applied to each f (l) give the following relations (See for example [7] for more details on Newton formulas):
Remark 3.
In particular, for j = 1, we have that
, which means that the center of mass of the roots of the derivatives is fixed. As obviously In order to go further in the study of this convex hull, let us first recall the well-known GaussLucas theorem:
′ be its derivative and Γ be the convex hull of the roots of f . Then each root of f ′ is either a multiple root of f , or belongs to the interior of Γ.
We will call the convex hull Γ of the roots of f the Gaus-Lucas hull of f , the interior of Γ the open Gauss-Lucas hull and the boundary of Γ the Gauss-Lucas polygon. 
This corollary yields another way of seeing that a non-trivial CA-polynomial f must have at least one of its roots in its open Gauss-Lucas hull, and in particular that the number of distinct roots cannot be two. Actually, we can also use Gauss-Lucas theorem to show that this number cannot be three either and more generally that a non-trivial CA-polynomial must have at least two distinct roots in its open Gauss-Lucas hull. Proof. Assume that f has exactly one root, say 0, in its open Gauss-Lucas hull and let ζ be the one among the roots of f located on the Gauss-Lucas polygon with maximal multiplicity m. Then by Corollary1,
Taylor expansion gives
As f (0) = 0, we get ζ = 0, which is a contradiction.
Remark 4. Proposition 4 can also be deduced from Draisma and de Jong's result Proposition 1.
As pointed out in [4] , arguments based only on Gauss-Lucas theorem are not sufficient to deal with polynomials of degree greater than 5. In the next proposition, we will use Rolle's theorem and relations 2 to go further : Proof. Assume that f has four distinct roots. Then by the previous proposition, it has at least two distinct roots in its open Gauss-Lucas hull. This implies that the four roots are on a line. By Lemma 1, we may assume that it is the real line. Then by Gauss-Lucas theorem, all its derivatives also have only real roots. We will use the following lemma based on Rolle's theorem :
We denote by M the maximal multiplicity of the roots of f . By Proposition 3, we know that 2 ≤ M ≤ N − 3.
• First case : M ≤ N −5. Again using Lemma 1, we may assume without loss of generality that the roots of f are as follows : a < 0 < 1 < b and f (N −1) (0) = 0. By Corollary 1, a and b cannot be zeros of
Integrating five times the expression f (N −1) (z) = N!z and taking into account these constraints, we get
But this contradicts Lemma 3.
• Second case : M = N − 4 (which implies that N ≥ 6). By Lemma 1, we arrange the roots as follows : a < 0 < b < 1 and we assume that f (N −1) (0) = 0. Denote by m a , m 0 , m b , m 1 their respective multiplicities. Then again by Lemma 3, we must have
Like in the first case, computing the last derivatives, we get
Obviously, as
From Gauss-Lucas theorem, we deduce that a < − √ 5b. Now we apply Lemma 2 with l = 0, j = 1 and with l = 0, j = 3 to obtain
We deduce that m a a(a
and looking at the sign, we see that −a < 1.
Let us note that in the case where m a = 2, m 1 = m b = 1, equations 1 give : a(a+1) 2 = 0.
Thus, this case cannot occur. We can readily deduce that m 0 ≤ N − 5. The only possibility left is m a = M = N − 4.
From the relation
and we know that −a > b > 0. Thus we have −a > 1/ √ 3. Now we get back to the linear equation in 1 :
If m 1 = m b = 1, this leads to N = 6 and m a = 2. But we have already shown above that this case can't occur.
we also obtain N = 6 and m a = 2. Finally, the second case leads to a contradiction.
• Third case : M = N − 3. We proceed similarly to the previous case. Again, we obtain that m a ≥ 2. Thus we necessarily have : m a = M, m 0 = m 1 = m b = 1. The linear equation in 1 gives :
It follows that N = 5 and m a = 2. But we have already shown that this is impossible.
POLYNOMIALS OF DEGREE
We quickly recall the definition of the p-adic valuation (for more details, the reader is referred to [10] ) Definition 1. Let p be a prime number. For a positive integer n ∈ N * , the p-adic valuation v p (n) is defined to be the exponent of p in the prime decomposition of n:
The map v p : N * → N can be extended to a map v p : C → Q∪{+∞} ([10, Chapter 4, Theorem 1]). This map satisfies the following properties:
• v p (c) = +∞ if and only if c = 0;
Remark 5. It is important to note that the last property implies :
We will make a frequent use of this fact. 
From the relation v p (
Lemma 5. Let p be a prime, and suppose N = p r + 1. Then •
Proof. We may assume without loss of generality, using Lemma 1, that f is of the form
and that min{v p (z j ), j = 1, · · · , N} = 0, where we have denoted by z 1 , z 2 , · · · , z N −1 , z N = 0 the zeros of f . For l = 1, · · · , N − 1, we have:
Following the proof of [4, Proposition 9], using equality (2) with l = 2, · · · , N − 2 and z the common root of f (N −l) and f , we prove by induction on l that
Let z j be such that v p (z j ) = 0. The equality
If p ≥ 3, we can also see that it is not possible to have a non-zero complex number w such that f (w) = f (−w) = 0. Indeed, otherwise, 0 = f (w) − f (−w) would give the identity :
which contradicts (14). We can use the same argument to show that there is no complex number w such that f ′ (w) = f ′ (−w) = 0.
Remark 6. For N = p + 1, it has been noted independently by Castryck that there is no non-trivial CA-polynomial of degree N whose center of mass coincides with its double root [2, Lemma 9].
From now on, we will assume that f is a non-trivial CA-polynomial of degree N = p + 1 where p ≥ 3 is a prime number.
Using once again Lemma 1, we may assume that
where we have denoted by z 1 , · · · , z N −3 , z N −2 = z N −1 = 0, z N = −a 1 the roots of f . For l = 1, · · · , N − 1, we have:
Observe that v p (a 1 ) ≥ 0 because −a 1 (the center of mass of f ) is one of the roots of f . Once again following the proof of [4, Proposition 9] and using equality (5) with l = 2, · · · , N − 2 and z the common root of f (N −l) and f , we prove by induction on l that
shows that v p (a 1 ) = 0. Therefore, we may assume without loss of generality that a 1 = −1. Then we can write f (z) = (z − 1)g(z) where
In view of (6) and Lemma 5, all roots of g have strictly positive valuations (actually greater than 1/(N − 3)). As a consequence, we see that 1 is a simple root of of f and that
Whenever f (N −l) (1) = 0, the Casas-Alvero property implies that f (N −l) (z j ) = 0 with v p (z j ) > 0 and from equality (5) we get v p (a l ) > 0.
But as
there is at least one index 2 ≤ l ≤ N − 2 such that v p (a l ) = 0. In other words, at least one of the derivatives f (N −l) (1) = 0. If we put this result together with Proposition 1, we get :
Lemma 6. Let f be a non-trivial CA-polynomial of degree N = p + 1, p prime. Let c be the center of mass of f . Then the following conditions are satisfied :
Let us now go further into the investigation of the orders of the derivatives having the center of mass as a root.
We may again assume that f is of the form (4) and that a 1 = −1.
For the sake of clarity, we will use the notation x ≡ y if v p (x − y) > 0.
In view of Lemma 6, let l 1 < l 2 < · · · < l m be the indices between 2 and N − 2 such that
As observed previously, for all k ∈ {2, · · · , N − 2}, we have
From equality (5) with z = 1 and l = l 1 , l 2 · · · , l m , we get
Now, using that
Now observe that for all 2 ≤ l ≤ N − 2, we have :
Therefore:
Putting equations (7) and (8) together and puttingã
, we obtain:
We see that necessarily ∆ = 0. Otherwise, inverting (9), we would get in particular that 1 ≡ 0. Let us summarize this result by: Lemma 7. Let f be a Casas-Alvero polynomial of the form (4) with a 1 = −1. Let l 1 < l 2 < · · · < l m be the indices between 2 and N − 2 such that f (N −l j ) (1) = 0, j = 1, · · · , m and let ∆ the determinant defined by (10) . Then p divides ∆. 
Proof. If not, in virtue of Lemma 6, there exists a unique index 2 ≤ l ≤ N − 2 such that
We can assume without loss of generality that f is of the form (4) with a 1 = −1 and apply Lemma 7. Then m = 1 and
N −2 = N − 3 because N is even. Finally, there is no way for p to divide ∆ and this contradicts Lemma 7. 
and f (N −1) have a common root. Then applying Lemma 7, we can check that there are only 4 possibilities for (l 1 , l 2 ): (l 1 , l 2 ) must be (3, 8) , (5, 6) , (6, 8) or (6, 9) . In particular, for N = 12, this bound combined with the results of Castryck (loc. cit.) implies that in order to prove the Casas-Alvero conjecture in degree 12, the only cases remaining to be checked are polynomials of type 6, 7 and 8.
Our final result proves the Casas-Alvero conjecture for degree p + 1 polynomials whose roots are rational numbers: Proposition 8. There is no non-trivial CA-polynomial of degree N = p + 1, p ≥ 3 prime, with rational roots.
Proof. Using the same notations as in the proof of Lemma 4, we may assume that f is of the form
with v p (z j ) ≥ 1 for j = 1, · · · , N − 3. Here, we have denoted by k the smallest index between 2 and N − 2 such that f (N −k) (1) = 0 (we know from Lemma 4 such a k exists). We introduce the notation
Then we have:
Note that v p ( N k a k ) > 1 which will lead to a contradiction: Case 1: k = 2. The last equality becomes :
The valuation of the right-hand term is 1.
The right-hand term is Proof. 1) We may assume that s ≤ t and that f and its derivatives are of the form :
with a N = a q s = 0 and min{v q (z j ), j = 1, · · · , N} = 0 where we have denoted by z 1 , · · · , z N the roots of f . As in [4, Proposition 9], using equality (12) with l = 1, · · · , N − 1 and z the common root of f (N −l) and f , we prove by induction on l that (13) v q (a l ) ≥ 0 for all l = 1, · · · , N.
Using f (z j ) = 0 with v q (z j ) = 0, we deduce that v q (a q t ) = 0. Now we apply formula (12) with l = q s then l = N − q s . We find, with the help of Lemma 4 , that all roots of f (N −q s ) have q-valuation > 0 while all roots of f (q s ) have q-valuation = 0. But by assumption, the q-valuation of the right-hand term is ≥ 1 and we reach a contradiction.
Remark 10 (Case N=12). Observe that 2 (respectively 3) divides 12 k , k = 1, · · · , 11, except for k = 4, 8 (resp. k=3,9). Thus, a possible counterexample in degree 12 should satisfy : f (4) and f (8) (respectively f (3) and f (9) ) don't share any root.
